Synchronized nonlinear oscillators networks are at the core of numerous families of applications including phased array wave generators and neuromorphic pattern matching systems. In these devices, stable synchronization between large numbers of nanoscale oscillators is a key issue that remains to be demonstrated. Here, we show experimentally that synchronized spin-torque oscillator networks can be scaled up. By increasing the number of synchronized oscillators up to eight, we obtain that the emitted power and the quality factor increase linearly with the number of oscillators. Even more importantly, we demonstrate that the stability of synchronization in time exceeds 1.6 milliseconds corresponding to 10 5 periods of oscillation. Our study demonstrates that spin-torque oscillators are suitable for applications based on synchronized networks of oscillators.
and pattern matching 3 are characterized by the phase differences of the synchronized oscillators. Therefore, synchronizing a large number of oscillators and stabilizing their phase differences for a long period of time are critical requirements from the perspective of designing phased-array generators and neural-network-based devices. A spin torque oscillator (STO) [4] [5] [6] is an appropriate candidate for these devices because of its ability to be synchronized due to its strong nonlinear characteristics [7] [8] [9] and advantage in terms of miniaturizing the integrated system due to its small size 10 . Although mutual synchronizations of STOs originating from magnetic coupling [11] [12] [13] [14] [15] [16] [17] [18] , which are spin wave propagation 13, 14, 16, 17 or dipole interaction [10] [11] [12] 15 , have been reported, it is difficult to simultaneously synchronize a large number of oscillators because the spatial decay of magnetic interactions takes place rapidly within the micrometer range 19 . Recently, we demonstrated synchronization of two STOs by using electrical coupling 20 . In principle, electrical coupling is not restricted by spatial distance; therefore, it has an advantage over magnetic interaction in regard to exciting simultaneous synchronization in an array of a large number of oscillators. Extending the network from two to many oscillators requires a strong coupling to overcome the distribution of natural frequencies in oscillators and disturbances by thermal fluctuation. In this study, we address these crucial issues and realize phase-synchronization of up to eight STOs. The strategy is to fabricate vortex-type STOs having high emission power and high-frequency stability, and to independently control the frequency of each oscillator. Linear dependence of emission power (reaching a maximum value of about 14 µW) on the number of STOs indicates that the phase difference between the STOs is zero, i.e. an in-phase synchronization is excited and not a master-slave synchronization regime. We also found that the in-phase state between two STOs at room temperature remains stable for longer than one millisecond, tha is, 10 5 periods of oscillation. These results show the great potential of an array of phase-synchronized STOs for a phased-array wave generator and neuromorphic architectures.
Scalability of emission power. STOs can be electrically synchronized when the interaction between oscillators overcomes their thermal noise and the differences in the natural frequencies 9 . A high emission power from an STO leads to a strong coupling to the other oscillators through the radio-frequency (RF) emitted current. Therefore, as for developing a network of oscillators, high emission power, narrow linewidth and small dispersion of the natural frequency between the STOs are necessary. In this study, magnetic-vortex STOs 21, 22 were used. The STOs typically generate rf signals with power of over 1 μW due to their high magnetoresistance ratio 23, 24 previous studies 23, 24 showed that these STOs also have a narrow linewidth (full width at half maximum; FWHM) with a carrier frequency (f STO ) corresponding to a high-quality factor (f STO /FWHM) of over 2000 due to their large volume. (See Section 1 in Supplementary for details.) In addition, a mutual-synchronization probing system which decreases the dispersion of the natural frequency of the STOs (See Section 2 in Supplementary for details.) was used. In this section, the relation between phase-synchronization and the coupling strength between two oscillators is described first. Next, the scale up of two STOs to eight oscillators is described. It is noteworthy that this number is currently the largest number of synchronized STOs using long-range electrical coupling. It is also noteworthy that the array of eight oscillators generates a huge emission power of 14.1 μW and narrow linewidth of 54 kHz. That emission power is the largest value achieved by using STOs reported to date.
An electrically-coupled oscillator network consisting of two STOs with two directional couplers and one attenuator is shown in Fig. 1 . The directional couplers are introduced to collect the RF signal generated by individual STOs by using a two-channel oscilloscope. The attenuator (A), on the other hand, makes it possible to control the strength of the electric coupling between two STOs, namely, synchronization force and locking range. Total RF voltages were calculated as the sum of measured voltages. As shown in Fig. 2(a) , the total RF voltage for a strong coupling of A = 0 dB (zero attenuation) shows a homogeneous oscillation. The histogram of the envelope of the total RF voltage is well described by a Gaussian function with a narrow linewidth (see Fig. 2(b) ). On the contrary, as shown in Fig. 2(c,d) , for a weak coupling (large attenuation) of A = −16 dB, the total RF voltage becomes inhomogeneous and the envelope largely deviates from the Gaussian function. The magenta circles in Fig. 2 (e) summarize the dependence of emission power of merged signal on the attenuation. The emission power of each oscillator P i passing through directional coupler into the oscilloscope, as well as + + P P PP 2 1 2 1 2 and + P P 1 2 estimated from them, is also shown by the dotted lines. In an oscillator network consisting of two STOs, the emission power of the merged signal is given by
. Here, Ψ is the phase difference between the STOs, and the term in the angle brackets ("<>") indicates a time-averaged value. When in-phase synchronization is excited (Ψ = t ( ) 0), merged power is given as + + P P PP 2 1 2 1 2 . On the other hand, when the STOs are in asynchronous state, Ψ = t cos( ( )) 0, and the emission power is reduced to + P P 1 2 . According to the results shown in Fig. 2 (e), we conclude that an in-phase synchronization between STOs is excited in a strong coupling (A = 0 dB) limit.
To study the stability of phase-synchronization for a large number of STOs, above method was applied. For the increase of the number of STOs, a radial combiner 25 was introduced in the circuit. Histograms of the envelope of RF voltage generated by STO arrays with 2, 4, 6 or 8 STOs are shown in Fig. 3(a) . All the STO arrays clearly show Gaussian-like distributions implying that synchronization between STOs up to eight oscillators is achieved. Dependence of emission power on number of oscillators in the array is shown in Fig. 3(b) . It is clear from the figure that emission power increases linearly with increasing number of oscillators, and that result is consistent with the theoretical prediction 26 . Emission power for eight STOs reaches 14.1 μW. The linear dependence of emission power on number of oscillators indicates that in-phase synchronization between eight oscillators is stably realized. The linewidth of the synchronized STOs decreases with increasing number of oscillators; 27 namely, it is reduced to 54 kHz for eight STOs (See sec. 3 in Supplementary for details), corresponding to high quality-factor (f STO /FWHM) of 7400 (see Fig. 3(c) ). It is emphasized here that the linear dependence of the emission power on the number of the oscillators guarantees the scalability of an oscillator network using STOs. Long-term stability of phase-synchronization. As mentioned earlier, one of the critical issues concerning phase-synchronization is to stabilize the phase against thermal fluctuations. Long-term stability is the key to implement oscillator networks in practical applications. For example, pattern recognition requires a stable synchronization longer than 10 3 -10 4 -times the oscillation period 28 . To give more insights into the phase stability of STOs as a function of time, two coupled vortex-STOs were studied by using the system shown Fig. 1 . Phase difference between STOs has been evaluated by using the Hilbert transform of the RF voltages measured using a high-frequency oscilloscope 29 . Time evolution of the phase difference Ψ between the synchronized STOs for several values of the attenuation A is shown in Fig. 4(a) . As shown, the phase difference changes with time for the weak coupling (large attenuation) cases. The phenomenon is known as "phase slip", where the phase difference shifts with the factor of 2 π due to the thermal fluctuation 30, 31 It is noteworthy that a large interval between phase slips corresponds to a long-term stability of phase-synchronization. As shown Fig. 4(a) , strong coupling results in an extremely long-term stability of phase difference. The in-phase state is kept for over one millisecond, corresponding to about 10 5 periods of oscillation for the strongest coupling, i.e., A = 0 dB. This result is the first experimental evidence of long-term stability of phase difference in synchronized STOs, and it demonstrates the applicability of STOs to brain-inspired computing schemes such as pattern recognition.
As clearly shown in Fig. 4(a) , the phase at A = 0 dB is maintained longer than the measurable time limit of the measurement system, which is 1.6 milliseconds. Therefore, the time between phase slips for A = 0 dB was theoretically estimated. The phase slip can be regarded as an escape of Brownian particle from a periodic potential with period of 2π. The minima and maxima of the potential locate at 2n π and (2n + 1) π, respectively (n = 0, ±1, ±2, …). Therefore, the phase slip time was calculated as the mean first-passage time 32, 33 (see Section 4 in Supplementary for details). The mean first passage time is a time necessary for a Brownian particle trapped in a potential to escape from it. Evaluating the phase-slip time starts with the equation of motion for the phase, given by 9,31
Here, θ  i , ω i ,  F , and β are the phase of i-th STO including the non-linearity 9 , angular velocity, coupling force, and detuning angle 9, 34 corresponding to the sum of the asymmetry of spin transfer torque and the non-linearity, respectively. In our experiments, in-phase synchronization between two STOs was achieved, corresponding to four times the power of the individual STOs after feeding in the connection. This case corresponds to β~0 20, 34 , which gives the largest locking range. White noise ξ t ( ) 
in which the second term describes diffusion of phase difference Ψ. Attenuation A is related to the coupling force via = ∼  F AF 0 , where ∼ F 0 corresponds to the locking range at A = 0 dB. The difference between the natural frequencies of the two STOs is δω. For a strong coupling F D ( ) and small dispersion δω F ( ) limits, the time between phase slips is given by
The equation indicates that the time between phase slips is increased exponentially by increasing the coupling force or by decreasing the noise. The time between phase slips evaluated from Fig. 4(a) (red circles) with the one obtained from Eq. (1.3) (blue dashed line) are compared in Fig. 4(b) . The fitting parameters, ∼ F 0 and D, are 3.73 × 10 7 and 2.4 × 10 6 rad/s, respectively. These values correspond to locking range of 6 MHz and spectral linewidth of 630 kHz, which are consistent with the experimental results for locking range of a few megahertz and FWHM of 300 kHz. According to the agreement between the experimental results and theoretical results shown in Fig. 4(b) , phase-slip time for A = 0 dB is predicted to be 0.48 seconds, which corresponds to 10 8 periods of oscillation. It is noteworthy that this result is the first highlighting a considerable long-term stability of the phase difference between two synchronized (noisy) nano-oscillators. It should also be noted that the stability of the phase difference described above is comparable to that of forced synchronization 31 . Noise power spectrum density (PSD) of the phase difference for several values of attenuation is shown in Fig. 5 . The noise PSD of phase difference is about −20 dBc/Hz at 1 kHz offset for a large attenuation (weak coupling), −16 dB. This value is virtually identical to the phase noise in the case of a single STO 36, 37 . The noise PSD decreases to −80 dBc/Hz at 1 kHz offset frequency for the zero attenuation (strong coupling). This value is a great advance toward that of noise PSD attained in the forced synchronization experiment of −90 dBc/ Hz 31 . The result suggests that our STO network attains sufficiently stable phase-synchronization without resorting to using an external stabilizer.
Perspectives: reducing the frequency dispersion of STOs. A mutual synchronization probing system was developed and used for individually controlling STO frequency, and in this manner, a large number of STOs could be electrically synchronized. To control STO frequencies individually, however, the system has a permanent magnet for each STO. This approach was necessary to reduce the frequency dispersion of different STOs and bring them within the locking range. Indeed, the natural frequencies of current STOs are widely distributed (See Supplementary Section 5) due to the fabrication process (which causes wide distribution in size and shape of oscillators).
The critical value of coupling force that is required to realize phase-synchronization in the presence of the frequency dispersion is quantitatively discussed hereafter. An array consisting of N oscillators is considered, and the natural frequency of the oscillators is dispersed. Equation (1.1) is extended for N oscillators as follows:
)
Scaling factor N is obtained by dividing one oscillator's coupling force by another's in the array. Assuming that the distribution of the oscillation frequency is given by a Gaussian function, the critical value of the coupling force for synchronizing the oscillators evaluated from mean-field theory is given by
where erfc denotes the complementary error function and σ is the dispersion of the oscillation frequency. The value of D is typically in the order of 10 6 rad/s in the case of our vortex-STOs. The value of σ strongly depends on the dispersions of the size/shape of the nano-pillars and the thickness of the free layer. The dispersion of the natural frequency is about 4.6 × 10 7 rad/s (see Section 5 in Supplementary for details).The critical value of the coupling force necessary to synchronize the oscillators is then estimated to be = ∼ F C 7 MHz, which is 20 times larger than the experimentally measured value. This fact indicates that the mutual synchronization between STOs cannot be realized in the absence of the probing system. On the other hand, by using the mutual probing system, it is possible to suppress the dispersion to 1.3 × 10 6 rad/s. Consequently, the critical value of the coupling force decreases down to 3.6 MHz, which is well below that used in our experiments. Therefore, the eight oscillators in the system could be mutually synchronized. The result indicates that the number of STOs can be further increased by controlling their frequency dispersion by refining the quality of their materials and their fabrication process. 
Conclusion
Phase-synchronization of a large number of vortex-type spin torque oscillators (STOs) through interaction via their RF emitted currents was experimentally demonstrated. The number of STOs was increased up to eight. The linear dependence of the emission power from the STO network indicates that the in-phase synchronizations between eight STOs was achieved. The result indicates that the STO network can be scaled up. In an oscillator network consisting of two STOs, long-term stability of the phase difference over 1.6 milliseconds, corresponding to oscillations over 10 5 periods, was also demonstrated. We note that the measured value of 1.6 milliseconds is the limit of the measurable time in the experimental system, and therefore, it is expected that the phase stability maintains more. Theoretical prediction suggests that the phase stability can be maintained for nearly one second. This long-term stability suppresses the noise power spectral density of phase difference to −80 dBc/Hz at 1 kHz offset frequency. A wide of advantages obtained for coupled oscillators network in this study bring the evidence of the possibility of developing scalable oscillator network for phased array generator and neural network system, such as pattern matching architectures.
Methods
The complete stack and structure of the STOs used in this work is shown in Supplementary Section 1. The permanent magnet in the probing system applies perpendicular magnetic field to the film plane of up to 6 kOe, which is strong enough to induce gyrotropic motion of the magnetizations. The RF components used are listed as follows: bias-tees (BT), d.c. sources, directional couplers (DC), attenuators, radial combiners (RC) and an oscilloscope (OSC). The BT, DC and attenuators were manufactured by Mini-Circuits (models ZX85-12G+, ZFDC-10-1-S+ and BW-KX-2W44+, respectively). The d.c. sources and OSC were manufactured by Keysight Technologies (models B2902A and DSO9104A, respectively). The RC was manufactured by R&K Company Limited (model RC201M601-0 × 0SS). The RC is designed for 2, 4, 6 or 8 ways. The measured RF voltage was captured by OSC for about 1.6 ms with 5 or 10 Gsam/s. Time domain voltages were transformed to time domain amplitude and phase through Hilbert transform or frequency domain through FFT. The spectrum linewidth were calculated by fitting of the power spectrum of the oscillators array.
